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Abstract

Purpose. The purpose of the work is to develop a universal model for assessing the technical
condition of the structure in the function of the time of operation. The theoretical basis for the
development of a stochastic model for the technical condition of a structure during operation is the
Markov theory of random processes. Phenomenological models of cumulative accumulation of damaged
due to the natural degradation of elements during the life cycle of operation are considered. The wear of
the structure element is described by a Markov discrete process with continuous time. The Markov
process, whose evolution over time depends only on a fixed modern state, has found wide application in
the system of operation of road bridges. Degradation of elements during operation is considered as a
stream of failures that are physically a manifestation of damage to the elements of a structure under the
influence of loads and the environment. The degradation of bridge elements is interpreted as a stationary
simplest flow of Poissian type. A mathematical model of a random process with continuous time and
discrete states is described by the well-known Kolmogorov — Chapman equations.

The technique. Theoretical study of the processes of degradation of elements of bridges made in
the framework of probability theory and mathematical statistics.

Results. The model for assessment and prediction of a technical state of structural elements which
is based on the Markov theory of random processes is received.. Markov stochastic models of damage
accumulation as a result of natural deterioration, considered herein, are universal. They are well proved
theoretically and have a practical orientation. These models may be applied as an effective tool for
technical state assessments and prediction of structural residual resource. A key aspect of this approach
is the special procedure for evaluating the transition intensity parameter. The main lack of the model is
that the basis of the elementary flow with parameter A = const is accepted. However, the parameter A is
determined for each given element, and every time after a subsequent inspection it can be specified, so
the accuracy of the model should increase.

Scientific novelty. The study is pioneering. For the first time in the system of operation of
structural elements, a stochastic assessment of the technical condition of the structure is proposed.

Practical value. The resulting model is a practical tool for managing the reliability and resource
of structural elements.

Key words: deterioration process; intensity of failures; Markov model of a random process;
matrix of transitions; reliability function, structural elements.

Introduction

This research dedicated the problem of stochastic modelling to describe damages accumulated in
structural elements. Classic scientific a priori formulation of structure lifecycle will obtain here a rigorous
scientific substantiation in resource terms — structures find corresponding universal models
describing phenomenological processes of destruction with application of Markovian random
functions. The basic scientific idea of this approach lies in new paradigm of structural theory —
connection between limit state equations and service life duration, so-called ‘stochastic’ ‘time-dependent’
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random variables problem and the related failure probability calculations. The problem has its own weight
as a risk management tool.

There have been multiple attempts to develop analytical models representing the degradation of
bridge structures by knowing the deterioration process of materials. These models are typically very
complex, as they attempt to represent physical and chemical processes using specific models for each
different degradation cause. Moreover, they have to account that the actual condition of a bridge is the
consequence of many concurring degradation processes. For these reasons, obtaining an effective and
reliable mathematical degradation model is a very difficult task.

A different approach allows for evaluating the degradation a reliability-based models, using
historical bridge conditional al data. This allows an appropriate degradation curve to be determined for
each bridge reflecting all specific factors that have caused its degradation.

Despite classic, basic research in the reliability theory and practical algorithms of estimation and
prediction of structural condition states are insufficiently developed [1, 2. 3, 8, 12, 13, 14].

The classic models of reliability are based on the basic mechanics of material destruction,
consequently the structural reliability theory has not had wide practical application. The main limitation
is that the classic reliability models require precise information based on a load history, which is expressed
in the number of loading — unloading cycles [2]. Such data, for the majority of structural elements, have
never been obtained and it is not expected to be done so in the foreseeable future. Therefore, when
modelling uncertain processes of structural deterioration, one needs a model focused on incompleteness
of the initial information. This limitation can be overcame by a phenomenological stochastic model.

The phenomenological stochastic model, which is described as the accumulation of damages in
the process where the evolution of time is defined by probabilistic laws, has become a powerful alternative
for a deterministic model during the last 30-40 years. Now, many researchers are inclined to believe that
the Markov stochastic model are the integrated universal for describe the cumulative damage of structural
elements.

The objective of this paper is to present this universal approach for evaluation stochastic
deterioration of the structural elements under maintenance.

Markovian models of random processes

Theoretical basis of the research is Markovian mathematical model for estimation and prediction
of structure element service life prediction within its operational cycle. This model is one whose evolution
in time depends only of fixed current state.

The modelling by the Markov process means that for any time #) the probability of stay
in an element, in each state in the future (¢ > #ty) depends only upon its state in the present (¢ = #y). It is a
so-called memory-less process with discrete states (1, 2 ... n) in continuous time ¢. It is a «memory-less»
process because each discrete state is independent of the previous state. In other words, the distribution
of the Markov process at the moment of time, ¢, can be expressed through the distribution of the previous
moment of time independently of the process history.

At the same time the Markov discrete process is not completely independent from the past. The
small amount of the philosophical formulation of this dependence is: for the Markov discrete process a
future and its correlation depend on the past only through the present. Hence, it is not complete
independence of a future from the past, because the starting, present state (¢ = ¢y) depends from the past
deterioration stochastic process.

Here we shall formulate discrete models which meander on discrete states that transit in one
direction only - from a state with a smaller number to a state with the greatest number. In terms of
the Markov process, the task is to find unconditional probabilities for stay system S on any step & in a
state S;:

pi(k) =Prob[S(k)=S1]; k=1,2,..n;i=0,1,..n—1 (D)
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The probabilities pi(k) are expressed through conditional probabilities of transition of system S

on a step k in a state S, provided that on a step k& -1 the system is able to S::
pii(k) = Prob[S(k) = §; | S(k-1)=Si] i,j=0,1,...,n—1 2)

It is apparent that the transition probabilities (2) form a square matrix of transitions with the size
n-n, where n is the number of discrete states considered. Let us denote the transitions matrix as P(i,7). On
the main diagonal of the matrix, P(i,7) stands for the probabilities of a system delay in that given state,
where S; is on a step k; on lateral diagonals, a transition probability of the system transition is from the
state S; to the state Sj- pi(k).

In the search of transition probabilities, which are contained in the stochastic matrix P(i,¢), a
major central point in the development of a deterioration model for structure elements are described by
the Markov discrete process [5, 6]. When the matrix, P(i,¢), of a conditional transition probability is found,
the unconditional probabilities P;of that system stay in a state S; are turned out by the recurrent formula:

n
P, (k) = ij(k Py k=1,2,..,n, i=12..n, 3)
j=1
where 7 is number of current state; 7 is number of discrete states in the course of element lifecycle; px is
absolute probability of element remaining in k-th discrete statei; pik(¢) is transient probability of k-th
discrete state.

Required probabilities of the Markov chain p;(?), p2(%),..., p.(f) are functions of time. They are
determined from a system of ordinary differential equations. It is known as the forward Chapman -
Kolmogorov equation, which describes the evolution of the Markov discrete process with continuous
time. In the matrix form, the differential equations are:

dPGit) _ pr: o .
2= P(it) - E, &)

where P(j, £) is a transition probability matrix and E is a transition intensity matrix. In addition to
the equation (4) we have the initial conditions:

att=0 pi(0)=1; pxAt) = ps(t)= pAt) =0 (5)
The elements of P(i,7) should meet the followings normalization condition
n
PLIGES ©)
i=1

for all i (row sum). This condition is due to the fact that Markov chain events are incompatible
and form a complete group.

From known elements of transition matrix P and vector of initial probabilities po (formula (3))
are determined absolute probabilities of system states in time function after a fixed number of transition
steps.

Application

Markovian random process models as described in 2. are universal. Random process described
by the model is invariant as regards the type of structure, its material, operational environment.
Degradation properties of structure elements are described by two parameters: degradation criterion and
parameter failures intensity (mean rate of events occurrence)

The criterion of degradation may be adopted any factor of the stress-strain state: reliability,
internal effort, deformation. In our case, the criterion of degradation assumes the reliability of the element,
as the most common factor of the stress-strain state.

As regards failure intensity parameter, it requires special investigation in phenomenological
model of failures accumulation, and its determination in our model is described below.
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Problem formulation

We set a task to build a phenomenological probabilistic model of object element degradation in
the process of operation. Element degradation model is aimed to establish reliability law in time function
and, thus, to install tool for its technical condition prediction [9, 10]. Our developed model has two
components: phenomenological classification tables of discrete states and reliability function. The
following four assumptions form theoretical basis of the models proposed are shown below.

A. As criterion an element state condition a numerical reliability parameter for integrated
quantitative estimation of condition assessment and prediction is assumed. The reliability of an element
is defined in the classical meaning [13] as the probability that the safety limit state will be violated:

pr=Prob [r(R) - 5(S) < 0], (7

where (R) and s(S) are functions of random variables associated with resistance and loading effects
respectively

B. Lifecycle of the structures is divided into 5 discrete states. Each state is characterized by a set
of quantitative and informal qualitative degradation indices which describe hierarchy of element failures.

C. Element degradation process within its lifecycle is described by a discrete Markovian random
process with continuous time.

D. Transition from one discrete state to another is described as Poisson’s process with discrete
states and continuous time.

Discrete states of element

We will formulate the Markovian process for models in which wandering in discrete states is
carried out in only one direction: from a state smaller, to a state with a larger number. Transition is
possible not only to adjacent state but with overshooting to subsequent states as well. In terms of discrete
Markovian process the problem comes down to search of unconditional probabilities of system S being
at a random step £ in state S; We shall treat system of failures due to object element worn-out as a flow
of random discrete Markov chain events. «Random system discrete state» acts as random value.

Let us introduce 5 discrete states within element operation lifecycle which form a cortege
S={S; S, ..., S5}. Discrete states are described by a set of quantitative and qualitative informal indices
which characterize hierarchy of element failures [7, 11]. A generalized description of states representing
accumulation of failures as hierarchy of successive element failures is specified in Table 1.

Table 1
General characteristics of states
State Characteristic of state
Si Element meets all project requirements
S, Element does not meet all project requirements, but the requirements of both first and

second groups of boundary states are not violated

Element does not meet all project requirements, but the requirements of the first group of
S3 boundary states are not violated. Requirements of the second groups of boundary states
may be partially violated, if this is not limiting normal structure functioning

Element has signs of violation of requirements of the first group of boundary states,

54 whereas requirements of the second group of boundary states are seriously violated

Element has serious violations of requirements of the first group of boundary states,

5s impossibility of their prevention is proven and its operation must be stopped
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In terms of discrete Markovian process the problem comes down to search of
unconditional probabilities of system S being at a random step £ in state S; , that is, to obtaining
transient probability matrix.

Let us assume that an element is to be consistently in state S;, S-..., S,, and the transitions from
one discrete condition state to another are carried out at the moment of time ¢, ..., #,.;. The global aim
of this model is to establish the change reliability law in the function of time and the time prediction of
stay in each subsequent discrete state. This is a discrete stochastic process with continuous time and
regular distributed time intervals between states. The graph of the process represents a linear sequence of
events, i.e. a transition from any state to next (fig. 1).

Eha-ha e et

0|

Figure 1 — Graph of the deterioration process

We determine matrix P(i, #) and matrix E by Chapman-Kolmogorov equations (equation (4)). We
slightly amend matrix elements form to simplify recording. The state flow intensities independent from
step and time

2;5(@) = A(8) = 4. (8)
Equation (5) in this case is simplified and written as:
dP )
P AP(i, t) . 9

By integrating system of equations (11) we obtain transition probability matrix P:

0,982 0,018 0 0 0
0 0964 0036 0 0
0 0 0947 0,053 0
0 0 0 0930 0,070
0 0 0 0 1

P(i,t) = (10)

We assume initial unconditional probability px = 0.9998 (p = 3,8. Here J is safety characteristic,
numerical parameter connected to reliability by relation: Pt = ®(-f), where @ is standard normal
distribution function), which corresponds to minimum normalized value of design reliability in State 1.
From equation (3) we obtain the vector of unconditional probabilities of staying in the state j:

P; =[0,9998 0,9899 0,9703 0,9416 0,9047]". (11)

By known vector of remaining in state j = 1, 2, ..., 5 unconditional probabilities we determine
degradation curves, that is, family of stochastic process implementations, each of them at given value of
failure intensity parameter 4 gives predicted transition time from state j to state j + 1 [7,11].

Reliability function
Reliability function describes element degradation process within its lifecycle, that is, connection
is established between element reliability and operation time. It is postulated that degradation rate is
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described by a single parameter 4 — failure intensity index. This parameter is admitted as constant, time-
independent 4 = 4 (7).

We admit Poisson’s distribution law as reliability function under hypothesis D. At & =5 function
has the form

P(t)=1-0,008333-(A(1)t) e ", (12)

where P; — probability of element transition to state £ within time ¢ < 7}, is probability function of service
life in other terms.

Thus, at given failure intensity A, equation (12) founds connection between element reliability P;
in i-th state and time ¢, which passed from beginning of operation to state i=2,...5. Element degradation
curves under equation (12) see Fig. 2.
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Figure 2 — Element degradation curves

Determination of flow intensity parameter

Determination of flow intensity parameter is a keystone of structure element failure accumulation
under Markov phenomenological model. As seen from equation (12), a single lifecycle management
parameter is the flow intensity A. In the model under study the parameter A is determined by solution of
equation (12) with initial conditions for a particular element obtained from inspection results.
The procedure of parameter A determination was first proposed in 1999 in [152]. It consists in specific
determination of initial conditions for equation (12) relative to unknown parameter A:

—  reliability P;; - corresponding to determined i-th lifetime condition. This value becomes known as
soon as by inspection data element discrete state is classified;

— and also # - time that passed from beginning of element operation to state i. Time ¢ is known from
bridge technical documentation.

Graphic interpretation of parameter determination procedure see Fig.3.
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Figure 3 — Graphic interpretation of flow intensity parameter A determination procedure

Element residual life prediction

Residual life prediction is also determined by solution of the degradation equation (12).
Initial data for equation solution now become reliability P,s — boundary value of reliability in
operational condition 5 and flow intensity parameter A determined at previous step from equation (12).
The time 75 obtained under such initial conditions that is time passing from element current state to fifth
operational state, just is its residual life.

Algorithm of evaluation and prediction of structure element technical condition under Markovian
phenomenological model of failure accumulation is specified in Table 2 —an example of operation system
rules of road bridges [7].

Table 2
Algorithm of structure element lifetime condition evaluation and prediction
Step Operation
1 Conventional assessment. The procedure for classifying the operating status of bridges according

to the survey results of inspection and/or testing and comparison characteristic defects and
damage, other signs of degradation with signs specified in the classification tables.

2 Performance assessments. Classification of bridge element lifetime condition from results of
actual load capacity. Load capacity is determined on the basis of actual structure element
dimensions, mechanical characteristics of materials and description of defects revealed in the
course of inspection.

3 Detail assessments. Classification of bridge element lifetime condition from results of analytical
calculation of their safety index actual as per moment of inspection. Initial data for safety index
are inspection data with material mechanical characteristics determined for the element and
quantitative degradation features of its cross-section, characteristic values of generalized
resistance and load at the ultimate limit state load.

4 Lifetime prediction. Initial data for determination of residual life are element reliability P;, time
that passed from beginning of operation to current condition, and failure intensity flow intensity
parameter A.
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Discussion

The proposed model is integral. It does not contain an explicit theoretical apparatus of an element
sensitive to the material, its static scheme, construction technology, environmental conditions, and many
other aspects. On the other hand, all of these factors, are taken into account in the model at a time when
element state is specified by the tables of classification containing physical and mechanical signs of
degradation

It is evident that the proposed technique for determining the value of the parameter A, which
manages operation lifecycle model «from presenty, that is, from i-th discrete state, gives full information
about the loading history of the load «in the past». Flow intensity parameter A determined in this
procedure contains a lot of other information relating to object operation, such as environment
characteristics, level of loading effects, features of the design and the like. As parameter A is determined
for each particular element and must be finalized after each consecutive inspection, the model becomes
more accurate.

This is clear from the above formulation that the model is strictly substantiated in theory.
However, as the model is phenomenological, deep penetration into physical essence of described process
is necessary, as not only each of discrete states must be adequately described, but also parameter variation
within one state should be correctly established, whereas the modeled process is a continuous one.

The solution on number of discrete states representing element lifecycle is quite arbitrary. It is
evidently that the more discrete states, will be the more accurate description of continuous damage
accumulation process. From the other side, description of a large number of discrete states requires
substantial expansion of valid natural data base. Model developer shall find a reasonable compromise
between these contradictory requirements.

An important theoretical aspect of model is element degradation process graph. Model graph,
which depends on the number of discrete states and the relationships between them will always be the
subject of special attention from the researcher, will always reflect his subjective idea of the essence and
patterns of the process.

Conclusions

Markov stochastic models of damage accumulation as a result of natural deterioration, considered
herein, are universal. They are well proved theoretically and have a practical orientation. These models
may be applied as an effective tool for technical state assessments and prediction of structural residual
resource.

A key aspect of this approach is the special procedure for evaluating the transition intensity
parameter. The main lack of the model is that the basis of the elementary flow with parameter A = const
is accepted. Actually, the parameter of failure rate is described by the stochastic function of time.
However, the parameter is determined for each given element, and every time after a subsequent
inspection it can be specified, so the accuracy of the model will be raised.
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MAPKOBCBKA MOJEJIb OIIHKHU I ITPOI'HO3Y TEXHIYHOI'O CTAHY
BYJIBEJIbHUX KOHCTPYKIINA

Anomauisn

Merta. Meta pobotu mojsrae B po3poOili yHiBepcalbHOI MOECIHI OIHKK TEXHIYHOTO CTaHy
criopyau B (hyHKIIIT Yacy excinryararii. TeopeTnaauM 6a3ncoM po3poOKH MOIEIi CTOXaCTUYHOI OIIHKH
TEXHIYHOTO CTaHy CHOPYAH B TPOIECi eKCIUTyaTallii, € MapKOBChbKa TEOpis BUIAJKOBHX IPOIICCIB.
PosrnsgatoTecss (heHOMEHOIOTIUHI MOJIENi KYMYJSTUBHOTO HAKOIWYCHHS IOIIKOHPKEHOTO BHACIIIOK
MIPUPOTHBLOI AETPaaaIlii eJIEMEHTIB B IIPOIIEC] JKUTTEBOTO MUKy €KCIUTyaTarlii. 3HOC eJIeMeHTa CIIoOpYIr
OTHCYETHCS MAPKOBCHKUM JUCKPETHUM TIPOIIECOM 3 HETIEPEPBHUM HaCOM.

Jerpanaliisi €IEMEHTIB B IPOIIEC] eKCILIyaTallil PO3IAIAEThCS SIK MTOTIK BiIMOB, IO (I3HYHO €
MPOSIBOM TIONIKO/KCHb €JIEMEHTIB CHOPY/IU ITiJl BIUIMBOM HABAaHTAXCHb 1 OTOYYIOYOTO CEPEOBHIIA.
Jlerpanarisi eIeMEHTIB MOCTa TPAKTYEThCS K CTAllIOHAPHUH MPOCTIHHUHN TOTIK MyacCOBCHKOTO THITY.
MarematnyHa MOJENb BHITAJKOBOTO TIporiecy 3 Oe3lepepBHMM YacoM 1 IUCKPETHHMH CTaHAMH
OTIMCYETHCS BIMOMUMH piBHSHHAMH KomMoropoBa=YenMena. Metomuka. TeopeTHdHe TOCITIHKCHHS
MPOLIECIB JIerpajailii eJIeMEeHTIB MOCTIB BHKOHAHE B paMKax TeOpii MMOBIPHOCTEH 1 MaTeMaTHYHOL
CTaTHCTHUKHU.

Pesynpratu. OTpuMaHa MOZACIB OIIHKH 1 IPOTHO3Y TEXHIYHOTO CTaHy Oy TiBEIbHIX KOHCTPYKITIH
sika 0a3yeThCsl Ha MapKOBCBHKIM Teopil BUMAAKOBUX MporeciB. CTOXaCTHYHI MOJE HaKOITMYCHHS
MOIIKO/P)KEHb BHACITIIOK MPUPOJTHOTO TOTiPIICHHS, PO3TIISIHYTI B JAHOMY JIOKYMEHTI, € YHIBEepCAILHUMHU.
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BYAIBHULTBO TA HMBIJIbHA IHXKEHEPIA

Bonu TeopermuHO OOTpyHTOBaHI 1 MalOThb MpPaKTUUHY CHpsAMOBaHIiCTh. Lli Momeni MOXyTb OyTH
3aCTOCOBaHI AK €(EKTUBHUI 1HCTPYMEHT Ui OLIHKH 1 MPOTHO3YBaHHS TEXHIYHOTO CTaHy Ta OLIHKH
3aJIMIITKOBOTO PECYPCY.

KirogoBuM  acmiekToM IhOTO IMIXOMYy € CHEIliaibHa TMIpoIeaypa OIHKK —TapaMerpa
IHTEHCUBHOCTI BiAMOB. OCHOBHMM HEJOJIKOM MOJENi € Te, 10 NPUHHATA OCHOBA EJIEMEHTAPHOTO
MOTOKY 3 mapameTpoM A = const. B Hamomy BuUnanky, mapameTp BU3HAYAETHCS IS KOXKHOTO JaHOTO
eJIeMEHTa, 1 KOXKEH pa3 IMiciIs HACTYITHOTO OOCTEKEHHS A OTPUMY€E HOBE 3HAUYCHHS, TOMY TOYHICTh MOJIEII
OyIe TiaBUIITYBAaTHCS.

HaykoBa HoBu3Ha. BukoHaHe JociiJkeHHS € MioHepHUM. Brepmie B cucTemi ekcruryaramii
aBTOAOPOXKHIX MOCTIB MPOMOHYETHCA CTOXACTHYHA OLIHKA TEXHIYHOTO Oy 1iBEIbHUX KOHCTPYKIIIH.

IIpaktrune 3Ha4eHHsI. OTpUMaHa MOJIEH € TPAKTUIHUM iIHCTPYMEHTOM YTIPaBITiHHS HATIHHICTIO
1 pecypcoM OyTiBETbHIX KOHCTPYKITIH.

Knrouoei cnoea: OynmiBenbHI KOHCTPYKINi, IHTCHCHBHICTH BIIMOB; MapKOBChKAa MOJCIb
BHII4JIKOBOTO MPOIIECY, MATPHUIIS IEPEXOIiB; MPOIIEC JIerpaaartii; (GyHKIlisS HaliiHOCTI.
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